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Abstract
It iswell-known that the classical orthogonal polynomials of Jacobi,Bessel, Laguerre andHermite are solutions of aSturm–Liouville
problem of the type
(x)y′′n + (x)y′n − nyn = 0,
where  and  are polynomials such that deg 2 and deg  = 1, and n is a constant independent of x. Recently, based on the
hypergeometric character of the solutions of this differential equation, W. Koepf and M. Masjed-Jamei [A generic formula for the
values at the boundary points ofmonic classical orthogonal polynomials, J. Comput.Appl.Math. 191 (2006) 98–105] found a generic
formula, only in terms of the coefﬁcients of  and , for the values of the classical orthogonal polynomials at the singular points of
the above differential hypergeometric equation. In this paper, we generalize the mentioned result giving the analogous formulas for
both the classical q-orthogonal polynomials (of the q-Hahn tableau) and the classical D-orthogonal polynomials. Both are special
cases of the classical Hq,-orthogonal polynomials, which are solutions of the hypergeometric-type difference equation
(x)Hq,H1/q,−yn + (x)Hq,yn − n yn = 0,
where Hq, is the difference operator introduced by Hahn, and ,  and n being as above. Our approach is algebraic and it does
not require hypergeometric functions.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction and main results
It is well-known that the (continuous) classical orthogonal polynomials of Jacobi, Bessel, Laguerre and Hermite are
solutions of a second-order linear differential equation with polynomial coefﬁcients
(x)y′′n + (x)y′n − nyn = 0, (1.1)
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with deg 2, deg  = 1 and n ≡ n(′ + (n − 1)′′/2) is a constant independent of x. As a consequence, these
orthogonal polynomials admit representations in terms of hypergeometric functions. Using this fact, recently Koepf
and Masjed-Jamei [10] found a generic closed formula, only in terms of the coefﬁcients of the polynomials  and ,
for the values of the monic classical orthogonal polynomials at the singular points of the hypergeometric differential
equation (1.1). For the Jacobi and Laguerre polynomials these points are the extremes of the intervals of orthogo-
nality of the involved orthogonal family, and by this reason they were called in [10] “boundary points”. Essentially,
setting
(x) := ax2 + bx + c, (x) := dx + e (1.2)
(with |a| + |b| + |c| = 0 and d = 0) then, assuming a = 0 and setting
z± := −b ±
√
b2 − 4ac
2a
,
the above authors have shown that the monic orthogonal polynomial of nth degree yn = Pn(x), given as solution of
(1.1), fulﬁlls
Pn(z±) = ((
√
b2 − 4ac)n(d/(2a)) ± (2ae − bd)/(2a√b2 − 4ac))n
(±a)n(n − 1 + d/a)n (1.3)
for all n = 0, 1, 2, . . . , where
()k := (+ k)() ≡ (+ 1) · · · (+ k − 1)
is the Pochhammer symbol. Since the condition a = 0 was imposed, then in principle (1.3) is applicable only to Jacobi
(if z+ = z−) and Bessel (if z+ = z−) polynomials. However, when a = 0—corresponding to Laguerre (if b = 0) and
Hermite (if also b = 0) polynomials—then in [10] the corresponding values for Pn(z±) were also obtained from (1.3)
via appropriate limit processes.
Formula (1.3) was derived in [10] from a generic representation formula in terms of hypergeometric functions—with
parameters depending only on the coefﬁcients of the polynomials  and —for the polynomial solutions of the
hypergeometric-type equation (1.1). In the ﬁrst part of this paper we present an alternative proof to (1.3) which
does not require the use of hypergeometric functions. In fact, we will give an alternative closed expression to (1.3)
which is also valid not only for Jacobi and Bessel polynomials, but also for Laguerre polynomials, without the need of
a limit process. It reads as
Pn(z) =
n−1∏
k=0
′(z)k + (z)
(n − 1 + k) 12′′ + ′
, z ∈Z (1.4)
for all n = 1, 2, . . . , whereZ := {z ∈ C : (z) = 0} and it is assumed that deg 1. Notice that the only possible
cases are:
(i) Jacobi case, i.e., deg = 2 and the zeros of  are distinct: z− = z+. Then ′(z) = 0 for z ∈Z = {z−, z+}, and
so (1.4) gives
Pn(z±) = (
′(z±))n
an
∏n−1
k=0(k + (z±)/′(z±))∏n−1
k=0(k + n − 1 + d/a)
= (
′(z±))n
an
((z±)/′(z±))n
(n − 1 + d/a)n ,
which can be rewritten as (1.3) according to the relations
′(z±) = 2az± + b = ±
√
b2 − 4ac,
(z±)
′(z±)
= dz± + e±√b2 − 4ac =
d
2a
± 2ae − db
2a
√
b2 − 4ac .
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(ii) Bessel case, i.e., deg  = 2 and the zeros of  coincide: z− = z+ = −b/(2a). Then ′(z±) = ′(−b/(2a)) = 0,
and so (1.4) gives
Pn
(
− b
2a
)
= ((e − db/(2a))/a)
n
(n − 1 + d/a)n .
(iii) Laguerre case, i.e., deg = 1, soZ = {−c/b}. Then ′(−c/b) = b, and by (1.4)
Pn
(
− c
b
)
= (b/d)n ((e − dc/b)/b)n.
Our proof of (1.4) will be purely algebraic, based only on the three-term recurrence relation satisﬁed by any monic
orthogonal polynomial sequence (MOPS) and a characterization of the classical orthogonal polynomials (the so-called
structure relation) due to Al-Salam and Chihara [1].
In the second part of the paper, which is our original contribution, we state closed formulas analogous to (1.4) for the
classical q-orthogonal polynomials (of the Hahn tableau [3]) as well as for the classical D-orthogonal polynomials.
In order to state these formulas, let us begin by recalling that in 1945 Hahn introduced the difference operator Hq,
(see [8])
Hq,f (x) := f (qx + ) − f (x)
(q − 1)x +  ,
acting on polynomials f, where q and are ﬁxed numbers. Nowadays Hq, is known as the Hahn operator.When=0
one obtains the so-called q-difference operator by Jackson, Dq , and when q = 1 we get the discrete operator D that
includes as a special case, when  = 1, the discrete forward difference operator . As limit cases, both Dq and D
generalize the derivative operator Df := f ′, by letting q → 1 or  → 0 (resp.).
The classicalHq,-orthogonal polynomials are the orthogonal polynomial solutionsyn=Pn(x)of thehypergeometric-
type difference equation
(x)Hq,H1/q,−Pn(x) + (x)Hq,Pn(x) − nPn(x) = 0 (1.5)
for all n = 0, 1, 2, . . . , with deg 2, deg = 1 and n is a constant independent of x.
In the case of the q-difference operator by Jackson,
Dqf (x) := f (qx) − f (x)
(q − 1)x , q = 0,±1,
one gets the second-order linear difference equation
(x)DqD1/qPn(x) + (x)DqPn(x) − n Pn(x) = 0 (1.6)
for all n=0, 1, 2, . . . , characterizing the classical q-orthogonal polynomials.As usual, [	]q denotes the basic q-number,
deﬁned by
[0]q := 0, [	]q := 1 + q + · · · + q	−1 ≡ q
	 − 1
q − 1 , 	 ∈ N.
Thus, our ﬁrst result is the following:
Theorem 1. LetPn be themonicq-orthogonal polynomial solution of (1.6),andassume that1 deg 2 anddeg =1.
Then
Pn(z) = qn(n−1)/2
n−1∏
k=0

′(((1 + qk)/2)z)[k]q + (z)
[n − 1 + k]q 12 
′′ + ′
, z ∈Z (1.7)
for all n = 1, 2, 3, . . . , whereZ := {z ∈ C : (z) = 0} and

(x) := (x) − x(1 − q)(x). (1.8)
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In the case of the D-difference operator,
Df (x) := f (x + ) − f (x)

,  = 0,
one gets the second-order linear difference equation
(x)DD−Pn(x) + (x)DPn(x) − n Pn(x) = 0 (1.9)
for all n=0, 1, 2, . . . , characterizing the classicalD-orthogonal polynomials. Thus, our second result is the following:
Theorem 2. Let Pn be the monic D-orthogonal polynomial solution of (1.9), and assume that 1 deg 2 and
deg = 1. Then
Pn(z) =
n−1∏
k=0
′(z + 12 k)k + (z + k)
(n − 1 + k) 12 ′′ + ′
, z ∈Z (1.10)
for all n = 1, 2, 3, . . . , whereZ := {z ∈ C : (z) = 0}.
The proofs of Theorems 1 and 2 will be based, again, in the three-term recurrence relation and characterization
properties (structure relations) for the classical q-orthogonal and D-orthogonal polynomials, analogous to the one
by Al-Salam and Chihara for the continuous classical case. This will be done in Sections 3 and 4. We notice that (1.4)
can be immediately deduced from (1.7) or (1.10) by letting in these formulas q → 1 or  → 0 (resp.). However, in
Section 2 we will give a direct proof of (1.4), since it motivates the proofs of (1.7) and (1.10).
As a ﬁnal remark one would like to point out that, besides its interest from a mathematical view point, the information
concerning the values of the orthogonal polynomials at the singular points of the corresponding differential or difference
equations of hypergeometric type is needed, for instance, in the analysis of classical-type orthogonal polynomials (the
so-called Jacobi–Krall or Laguerre–Krall orthogonal polynomials). In particular, in order to study the hypergeometric
character of such polynomials as well as their asymptotics, the above explicit expressions are needed (see [4]).
In the sequel, {Pn}n0 denotes a MOPS, and {n}n0 and {n}n1, with n = 0 for all n = 1, 2, . . . , will be the
sequences of complex numbers which appear in the three-term recurrence relation for {Pn}n0, so that
Pn+1(x) = (x − n)Pn(x) − nPn−1(x), n = 0, 1, 2, . . . (1.11)
with initial conditions P−1(x) = 0 and P0(x) = 1.
2. The continuous case
When {Pn}n0 is one of the classical sequences of Jacobi, Bessel, Laguerre or Hermite, each Pn is characterized by
a structure relation of the type
(x)P ′n(x) = anPn+1(x) + bnPn(x) + cnPn−1(x) (2.1)
for all n = 0, 1, 2, . . . , with cn = 0 for all n. Here  is the polynomial appearing in (1.1) and, being also  the same
polynomial appearing in (1.1), the coefﬁcients an, bn and cn can be explicitly computed in terms of ,  and the
sequences which appear in the three-term recurrence relation (1.11) according to
an = na, bn = − 12 (n), cn = −dn−1n (2.2)
for all n = 1, 2, . . . (see, e.g., [12]), where d	 := 	a + d for all 	 ∈ R. Then, using (1.11), (2.1) and (2.2), we ﬁnd
(x)P ′n(x) = d2n−1Pn+1(x) − [dn−1(x − n) − bn]Pn(x) (2.3)
for all n = 0, 1, 2, . . . .Assume deg 1 and let z ∈Z. Then by (2.3) and (2.2) we have
Pn+1(z) = −d2n−2(n − z) − (z)2d2n−1 Pn(z), n = 0, 1, 2, . . . . (2.4)
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Table 1
The (continuous) classical orthogonal polynomials
Orthogonal set (x) (x) Pn(x) Family
(−∞,+∞) 1 −2x Hn(x) Hermite
[0,+∞) x −x + + 1 L()n (x) Laguerre
{z | |z| = 1} x2 (+ 2)x + 2 B()n (x) Bessel
[−1, 1] x2 − 1 (+ + 2)x − +  P (,)n (x) Jacobi
Table 2
Monic classical orthogonal polynomials Pn(z) at z ∈Z
z Pn(z) Family
– – Hermite
0 (−1)n(1 + )n Laguerre
0 2n/(n + 1 + )n Bessel
−1 (−2)n (+ 1)n/(n + 1 + + )n Jacobi
1 2n (+ 1)n/(n + 1 + + )n Jacobi
Now using formulas (see, e.g., [12])
n = (n + 1)fn − nf n−1, fn := −(nb + e)/d2n, n = 0, 1, 2, . . . , (2.5)
according to (2.2) and after some straightforward computations we see that (2.4) can be rewritten as
Pn+1(z) = dn−1[
′(z)n + (z)]
d2n−1d2n
Pn(z), n = 0, 1, 2, . . . .
Finally, an iteration of this formula yields
Pn+1(z) =
n∏
k=0
dk−1[′(z)k + (z)]
d2k−1d2k
=
n∏
k=0
′(z)k + (z)
dn+k
for all n = 0, 1, 2, . . . , which proves (1.4).
Table 1 summarizes the data for the classical orthogonal families (Pn)n, with standard normalization (taking  a
monic polynomial). Table 2 gives the well-known values of the monic orthogonal polynomial Pn(z) in Table 1 at each
zero z ∈Z—which can be computed using formula (1.4) and the data in Table 1.
3. The q-discrete case
3.1. Proof of Theorem 1
Consider now the classical q-orthogonal polynomials (of the Hahn tableau), characterized by (1.6). It is known that
each q-polynomial Pn in (1.6) satisﬁes two structure relations of the type

(x)DqPn(x) = anPn+1(x) + bnPn(x) + cnPn−1(x),
(x)D1/qPn(x) = a˜nPn+1(x) + b˜nPn(x) + c˜nPn−1(x) (3.1)
for all n = 0, 1, 2, . . . (see [7,14,11,2]), where the relation between 
 and  is given in (1.8). Setting

(x) := ax2 + bx + c, (x) := dx + e (3.2)
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(with |a| + |b| + |c| = 0 and d = 0)—notice that, here, a, b, c are the coefﬁcients of 
 and not those of , as in (1.2),
although when q = 1 they coincide—then the coefﬁcients an, bn and cn are given by (see [14, formulas (3.19), (3.24)
and Remark 3.4])
an = [n]qa, cn = −q1−n([n − 1]qa + d)n,
bn = 11 + q−1 {−(n) + (1 − q
−n)([n − 1]qa + d)n} (3.3)
for all n = 0, 1, 2, . . . . Notice that when q → 1 all the formulas in (3.3) reduce to the corresponding ones in (2.2).
Further, according to [14, p. 178],
n = [n + 1]qfn − [n]qfn−1, fn := −
[n]qb + e
[2n]qa + d , n = 0, 1, 2, . . . , (3.4)
which also gives (2.5) when q → 1. We also need suitable expressions for the coefﬁcients a˜n, b˜n and c˜n. According to
[2, p. 201] we have
a˜n = an + (1 − q)̂n, b˜n = bn + n(1 − q)̂n, c˜n = cn + n(1 − q)̂n (3.5)
for all n = 0, 1, 2, . . . , where
̂n := [n]q−1([n − 1]qa + d).
Then, from (3.3) and (3.5) we deduce
a˜n = [n]q−1(a + (1 − q)d), c˜n = −q([n − 1]qa + d)n,
b˜n = 11 + q−1 {−(n) − q(1 − q
−n)([n − 1]qa + d)n} (3.6)
for all n= 0, 1, 2, . . . . Now, substituting these expressions for a˜n and c˜n in the second formula of (3.1) and then using
(1.11) we get
(x)D1/qPn(x) = q1−n([2n − 1]qa + d)Pn+1(x) + {˜bn − q([n − 1]qa + d)(x − n)}Pn(x) (3.7)
for all n=0, 1, 2, . . . .But, taking into account the expression for b˜n in (3.6) and using (3.4), after some straightforward
computations (with the help of MATHEMATICA 4.1) we ﬁnd
b˜n − q([n − 1]qa + d)(x − n) = −
q([n − 1]qa + d){([2n]qa + d)x + b[n]q + e}
[2n]qa + d
= − q([n − 1]qa + d){

′(((1 + qn)/2)x)[n]q + (x)}
[2n]qa + d .
Therefore, if deg 1 and z ∈Z, (3.7) gives
Pn+1(z) = dn−1{

′(((1 + qn)/2)z)[n]q + (z)}
q−n d2n−1d2n
Pn(z), n = 0, 1, 2, . . . ,
where, here, d	 := [	]qa + d . Iterating this formula one deduces
Pn+1(z) =
n∏
k=0

′(((1 + qk)/2)z)[k]q + (z)
q−k dn+k
, n = 0, 1, 2, . . . ,
which proves (1.7).
Remark. In all the above computations we have implicitly assumed the condition dn ≡ [n]qa + d = 0 for all
n = 0, 1, 2, . . . . This is no restriction since this condition is necessary in order that (Pn)n satisfying (1.6) be an
q-orthogonal sequence (cf. [14, Remark 2.9]).
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Table 3
The classical q-orthogonal polynomials
(x) (x) pn(x) Family
1 x
q−1 h˜n(x; q) Discrete q-Hermite II
1 x−a−1
a(q−1) V
(a)
n (x; q) Al-Salam-Carlitz II
x
qx−a−q
a(q−1) Cn(x; a; q) q-Charlier
x
q+1x+q+1−1
q−1 L
()
n (x; q) q-Laguerre
x
qx−1
q−1 Sn(x; q) Stieltjes–Wigert
x − bq qx−q−c+qbc
c(q−1) Mn(x; b, c; q) q-Meixner
x(x − 1) − x−1+aq
q−1 pn(x; a|q) Little q-Laguerre
x2 − x−aq
q−1 ln(x; a) 0-Laguerre/Bessel
x(x − 1) − (1+aq)x−1
q−1 Kn(x; a; q) Alternative q-Charlier
x(x − 1) (abq2−1)x+1−aq
q−1 pn(x; a, b|q) Little q-Jacobi
x2 − (1−aq)x+abq
q−1 jn(x; a, b) 0-Jacobi/Bessel
(x − 1)(x + 1) − x
q−1 hn(x; q) Discrete q-Hermite I
(x − 1)(x − a) − x−1−a
q−1 U
(a)
n (x; q) Al-Salam-Carlitz I
(x − aq)(x − bq) −x+q(a+b−abq)
q−1 Pn(x; a, b; q) Big q-Laguerre
(x − 1)(x − qN+) (q2++−1)x+1−q(q−qN+q1+N+)
q−1 h
,
n (x,N; q) q-Hahn
(x − aq)(x − cq) (abq2−1)x+q(a+c−abq−acq)
q−1 pn(x; a, b, c; q) Big q-Jacobi
3.2. Examples for the standard normalizations
Table 3 summarizes the data for the classical q-orthogonal families pn, of the q-Hahn tableau, with standard nor-
malizations, assuming  to be monic (see, e.g., [2,14,11,9]). We have also included in this table the two new families
of q-polynomials found by Álvarez-Nodarse and Medem in [3], namely the “0-Jacobi/Bessel” q-polynomials, and the
“0-Laguerre/Bessel” q-polynomials (see also [2, pp. 214–217]).
As a particular important example we will consider here the case of the Big q-Jacobi polynomials that correspond
to the most general polynomial solution of Eq. (1.6). From the corresponding expressions for  and  in Table 3, we
compute, using (1.8),

(x) = aq2(x − 1)(bx − c), 
′(x) = aq2(2bx − b − c), 12 
′′ = abq2,
hence, sinceZ ≡ {aq, cq}, after some computations we ﬁnd

′(((1 + qk)/2)z)[k]q + (z)
[n − 1 + k]q 12 
′′ + ′
∣∣∣∣∣
z=aq
= −cq (1 − aq
k+1)(1 − abc−1qk+1)
1 − abqn+1+k
and

′(((1 + qk)/2)z)[k]q + (z)
[n − 1 + k]q 12 
′′ + ′
∣∣∣∣∣
z=cq
= −aq (1 − bq
k+1)(1 − cqk+1)
1 − abqn+1+k ,
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and so it follows from (1.7) that for the monic polynomial Pn(x; a, b, c; q) corresponding to pn(x; a, b, c; q),
Pn(aq; a, b, c; q) = qn(n−1)/2
n−1∏
k=0
(
−cq (1 − aq
k+1)(1 − abc−1qk+1)
1 − abqn+1+k
)
= (−cq(n+1)/2)n (aq, abc
−1q; q)n
(abqn+1; q)n
(3.8)
and, similarly,
Pn(cq; a, b, c; q) = qn(n−1)/2
n−1∏
k=0
(
−aq (1 − bq
k+1)(1 − cqk+1)
1 − abqn+1+k
)
= (−aq(n+1)/2)n (bq, cq; q)n
(abqn+1; q)n
. (3.9)
Here, (; q)n is the q-Pochhammer symbol (or q-shifted factorial)
(; q)0 := 1, (; q)n :=
n−1∏
k=0
(1 − qk), n ∈ N
and
(1, 2, . . . , s; q)n :=
s∏
k=1
(k; q)n, s, n ∈ N.
Recall also that the basic hypergeometric series is deﬁned in [6, p. 4]
r
s
[
a1, a2, . . . , ar
b1, b2, . . . , bs
; q, z
]
:=
∞∑
k=0
(a1, a2, . . . , ar ; q)k
(b1, b2, . . . , bs; q)k [(−1)
kqk(k−1)/2]1+s−r z
k
(q; q)k ,
where q = 0 when r > s + 1 (and it is assumed that all the denominators in the series do not vanish). Then we notice
that the Big q-Jacobi polynomials are (see, e.g., [6, p. 167])
pn(x; a, b, c; q) := 3
2
[
q−n, abqn+1, x
aq, cq
; q, q
]
=
n∑
k=0
(q−n; q)k(abqn+1; q)k(x; q)k
(aq; q)k(cq; q)k
qk
(q; q)k
= (abq
n+1; q)n
(aq; q)n(cq; q)n x
n + lower degree terms,
so that
pn(x; a, b, c; q) = (abq
n+1; q)n
(aq, cq; q)n Pn(x; a, b, c; q), n = 0, 1, 2, . . . .
Hence, using (3.8) and (3.9) we ﬁnd again the well-known formulas
pn(aq; a, b, c; q) = (−cq(n+1)/2)n (abc
−1q; q)n
(cq; q)n ,
pn(cq; a, b, c; q) = (−aq(n+1)/2)n (bq; q)n
(aq; q)n .
Table 4 gives the values of each monic q-orthogonal polynomial Pn(z), corresponding to each polynomial pn in the
q-Hahn tableau in Table 3, at each zero z ∈ Z. The values in Table 4 have been computed using formula (1.7) and
the data in Table 3.
322 J. Petronilho / Journal of Computational and Applied Mathematics 205 (2007) 314–324
Table 4
Monic classical q-orthogonal polynomials Pn(z) at z ∈Z
z Pn(z) Family
− − Discrete q-Hermite II
− − Al-Salam-Carlitz II
0 (−aq−n)n(−a−1q; q)n q-Charlier
0 (−1)nq−n(n+)(q+1; q)n q-Laguerre
0 (−1)nq−n2 Stieltjes–Wigert
bq (−cq−n)n (−c−1q; q)n (bq; q)n q-Meixner
0 (−1)nqn(n−1)/2 (aq; q)n Little q-Laguerre
1 (aqn)n Little q-Laguerre
0 (−aqn)n 0-Laguerre/Bessel
0 (−1)nqn(n−1)/2/(−aqn; q)n Alternative q-Charlier
1 (aq(3n−1)/2)n/(−aqn; q)n Alternative q-Charlier
0 (−1)nqn(n−1)/2 (aq; q)n/(abqn+1; q)n Little q-Jacobi
1 (aqn)n(bq; q)n/(abqn+1; q)n Little q-Jacobi
0 (abqn)n/(aqn; q)n 0-Jacobi/Bessel
−1 (−1)n qn(n−1)/2 Discrete q-Hermite I
1 qn(n−1)/2 Discrete q-Hermite I
1 (−aq(n−1)/2)n Al-Salam-Carlitz I
a (−1)n qn(n−1)/2 Al-Salam-Carlitz I
aq (−bq(n+1)/2)n (aq; q)n Big q-Laguerre
bq (−aq(n+1)/2)n (bq; q)n Big q-Laguerre
1 qn(n−3−2N+2)/2 (q1+, q1−N ; q)n/(qn+1++; q)n q-Hahn
qN+ qn(n−1)/2 (q1+++N , q1+; q)n/(qn+1++; q)n q-Hahn
aq (−cq(n+1)/2)n (aq, abc−1q; q)n/(abqn+1; q)n Big q-Jacobi
cq (−aq(n+1)/2)n (bq, cq; q)n/(abqn+1; q)n Big q-Jacobi
4. The D-discrete case
4.1. Proof of Theorem 2
It follows from the results in [16] (see also [13,2]) that each Dw-orthogonal polynomial Pn in (1.9) satisﬁes two
structure relations of the type

(x)DPn(x) = anPn+1(x) + bnPn(x) + cnPn−1(x),
(x)D−Pn(x) = a˜nPn+1(x) + b˜nPn(x) + c˜nPn−1(x) (4.1)
for all n = 0, 1, 2, . . . , where  is the same polynomial as in (1.9), 
 is given by

(x) := (x) + (x) (4.2)
and an, bn and cn as well as a˜n, b˜n and c˜n are complex parameters for all n. Further, setting

(x) := ax2 + bx + c, (x) := dx + e (4.3)
then [16, p. 35]
a˜n = an = na, c˜n = cn = −dn−1n,
bn = − 12 {(n) − n dn−1}, b˜n = − 12 {(n) + n dn−1} (4.4)
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for all n = 0, 1, 2, . . . , being
d	 := 	a + d, 	 ∈ R.
Notice that the expressions for a˜n, b˜n and c˜n as in (4.4) were not given in [16], but they are easily deduced as follows.
First, recall that, together with (1.9), each classical D-orthogonal polynomial Pn is also a solution of the second-order
linear difference equation [16, p. 28]

(x)DD−Pn(x) + (x)D−Pn(x) − ˜n Pn(x) = 0 (4.5)
with ˜n ≡ n(′ + (n−1)
′′/2) for all n=0, 1, 2, . . . .Then multiplying both sides of (4.5) by − and take into account
that DD− = D − D−, we get

(x)D−Pn(x) − 
(x)DPn(x) − (x)D−Pn(x) + ˜n Pn(x) = 0.
Finally, substituting here the second term 
(x)DPn(x) by the right-hand side in the ﬁrst relation in (4.1) we deduce
the second relation in (4.1), with a˜n, b˜n and c˜n as in (4.4). Now, substituting these expressions for a˜n, b˜n and c˜n in the
second formula of (4.1) and then using (1.11) we get
(x)D−Pn(x) = d2n−1 Pn+1(x) − { 12 [(n) + n dn−1] + (x − n)dn−1}Pn(x) (4.6)
for all n = 0, 1, 2, . . . . Substituting in (4.6) the expression [16, p. 38]
n =
−e(d − 2a) + (d − 2b)ndn−1
d2n−2d2n
, n = 0, 1, 2, . . . ,
after simpliﬁcation we get
(x)D−Pn(x) = d2n−1 Pn+1(x) − dn−1
d2n
{′(x + 12 n)n + (x + n)}Pn(x)
for all n = 0, 1, 2, . . . . Therefore, if deg 1 and z ∈Z, we ﬁnd
Pn+1(z) = dn−1{
′(z + 12 n)n + (z + n)}
d2n−1d2n
Pn(z), n = 0, 1, 2, . . . ,
hence
Pn+1(z) =
n∏
k=0
′(z + 12 k)k + (z + k)
dn+k
, n = 0, 1, 2, . . . ,
which proves (1.10).
4.2. Examples for the standard -families
When = 1, D becomes the ﬁnite difference operator
f (x) := f (x + 1) − f (x).
The classical -orthogonal polynomials are the polynomials of Charlier, Kravchuk, Meixner and Hahn. We notice that
the structure relations for these polynomials can be found, e.g., in Refs. [15,5,2]. Table 5 summarizes the data for the
classical -orthogonal families Pn, with standard normalization.
Table 6 gives the values of the monic -orthogonal polynomial Pn(z) in Table 5 at each zero z ∈ Z. The values
presented in Table 6 have been computed using formula (1.10), with  = 1, and the data in Table 5 (cf. e.g., [2,
p. 117]).
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Table 5
The classical -orthogonal polynomials
Orthogonal set (x) (x) Pn(x) Family
[0, N ] x(x − − N) (+ + 2)x − (+ 1)(N − 1) h(,)n (x;N) Hahn
[0,+∞) x (− 1)x + 	 M(	,)n (x) Meixner
[0, N + 1] x Np−x1−p K(p)n (x) Kravchuk
[0,+∞) x − x Cn (x) Charlier
Table 6
Monic classical -orthogonal polynomials Pn(z) at z ∈Z
z Pn(z) Family
0 (−)n Charlier
0
(

−1
)n
(	)n Meixner
0 (−p)n N !
(N−n)! Kravchuk
0 (−1)n (N−1)!
(N−1−n)!
(n++1) (n+++1)
(+1) (2n+++1) Hahn
+ N (n++1) (n+++1+N) (n+++1)(+1) (++1+N) (2n+++1) Hahn
Acknowledgements
The author is very grateful to the referees for their constructive comments and their many suggestions which greatly
improved the ﬁnal version of the paper. The present work was supported by CMUC (Centro de Matemática da Uni-
versidade de Coimbra).
References
[1] W. Al-Salam, T.S. Chihara, Another characterization of the classical orthogonal polynomials, SIAM J. Math. Anal. 3 (1) (1972) 65–70.
[2] R.Álvarez-Nodarse, Polinomios Hipergeométricos y q-polinomios, Monografías del Seminario Matemático “Garcia de Galdeano” 26, Prensas
Universitarias de Zaragoza, Universidad de Zaragoza, 2003 (in Spanish).
[3] R.Álvarez-Nodarse, J.C. Medem, q-Classical polynomials and the q-Askey and Nikiforov–Uvarov tableaus, J. Comput.Appl. Math. 135 (2001)
197–223.
[4] J. Arvesu, F. Marcellán, R. Álvarez-Nodarse, On the modiﬁcation of the Jacobi linear functional: asymptotic properties and zeros of the
corresponding orthogonal polynomials, Acta Appl. Math. 71 (2002) 127–158.
[5] A.G. García, F. Marcellán, L. Salto,A distributional study of discrete classical orthogonal polynomials, J. Comput.Appl. Math. 57 (1–2) (1995)
147–162.
[6] G. Gasper, M. Rahman, Basic Hypergeometric Series. Encyclopedia of Mathematics and ItsApplications, vol. 13, Cambridge University Press,
Cambridge, 1990.
[7] S. Häcker, Polynomiale Eigenwertprobleme zweiter Ordnung mit Hahnschen q-Operatoren, Doctoral Dissertation, Universität Stuttgart,
Stuttgart, 1993 (in German).
[8] W. Hahn, Über orthogonalpolynome die q-differenzengleichungen genügen, Math. Nachr. 2 (1949) 4–34.
[9] R. Koekoek, R.F. Swarttouw, TheAskey-scheme of hypergeometric orthogonal polynomials and its q-analogue, Delft-University of Technology,
Faculty of Information Technology and Systems, Department of Technical Mathematics and Informatics, Report No. 98–17, 1998.
[10] W. Koepf, M. Masjed-Jamei, A generic formula for the values at the boundary points of monic classical orthogonal polynomials, J. Comput.
Appl. Math. 191 (2006) 98–105.
[11] W. Koepf, D. Schmersau, On a structure formula for classical q-orthogonal polynomials, J. Comput. Appl. Math. 136 (2001) 99–107.
[12] F. Marcellán, J. Petronilho, On the solution of some distributional differential equations: existence and characterization of the classical moment
functionals, Integral Transform. Spec. Funct. 2 (3) (1994) 185–218.
[13] F. Marcellán, L. Salto, Discrete semiclassical orthogonal polynomials, J. Differential Equations Appl. 4 (5) (1998) 463–496.
[14] J.C. Medem, R. Álvarez-Nodarse, F. Marcellán, On the q-polynomials: a distributional study, J. Comput. Appl. Math. 135 (2001) 157–196.
[15] A.F. Nikiforov, S.K. Suslov, V.B. Uvarov, Classical Orthogonal Polynomials of a Discrete Variable, Springer Series in Computational Physics,
Springer, Berlin, 1991.
[16] L. Salto, Polinomios D-semiclásicos, Doctoral Dissertation, Universidad de Alcalá de Henares, 1996 (in Spanish).
